Universal Central Extensions of the Matrix Leibniz Superalgebras sl(m,
  n, A) by Hu, Naihong & Liu, Dong
ar
X
iv
:m
at
h/
06
10
57
9v
1 
 [m
ath
.R
T]
  1
9 O
ct 
20
06 Universal Central Extensions of the Matrix
Leibniz Superalgebras sl (m,n,A)
Naihong Hu and Dong Liu
Abstract. The universal central extensions and their extension kernels of the
matrix Lie superalgebra sl(m,n,A), the Steinberg Lie superalgebra st(m,n,A)
in category SLeib of Leibniz superalgebras are determined under a weak as-
sumption (compared with [MP]) using the first Hochschild homology and the
first cyclic homology group.
1. Introduction
Leibniz algebra was introduced by Loday [Lo1], studied by Cuvier [C] and oth-
ers. Loday-Pirashvili [LP] established the concept of universal enveloping algebras
of Leibiniz algebras and interpreted the Leibniz (co)homology HL∗ (resp. HL
∗) as
a Tor-functor (resp. Ext-functor). The central extensions of Leibniz algebras and
Lie superalgebras have been investigated recently (for instance, see [Lo1], [Lo2],
[Gao2], [Gao3], [IK], [LH1], [LH2], [MP], etc.). Leibniz superalgebra and its co-
homology were further discussed by Dzhumadil’daev in [D]. The universal central
extension of the matrix Lie superalgebras over an associative algebra A in cate-
gory SLie of Lie superalgebras was obtained in [MP] under the assumption that
m+ n ≥ 5.
Theorem 1.1. [MP] If m+n ≥ 5, the universal central extension of sl (m,n,A)
in category SLie is st (m,n,A) with kernel HC1(A), where HC1(A) is the first
cyclic homology group of A.
Mainly motivated by [MP], [LP], [AG], [Gao1], [Gao2] and [KL], we get the
universal central extension of the matrix Lie superalgebra sl (m,n,A) in category
SLeib of Leibniz superalgebras and prove a main theorem under a weak assumption
that m+ n ≥ 3:
Theorem 1.2. If m + n ≥ 3 with charK 6= 2 if m + n = 4, charK 6= 3
if m + n = 3, the universal central extension of sl (m,n,A) in category SLeib is
stl (m,n,A) with kernel HH1(A), where HH1(A) is the first Hochschild homology
group of A.
More precisely, we determine the universal central extension and its kernel of
sl (m,n,A) in category SLeib in Sections 3, 4; and so does for the Steinberg Lie
superalgebra st (m,n,A) in SLeib as well in Section 5.
Key words and phrases. Leibniz or Steinberg superalgebras; kernel of central extension, cyclic
homology.
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2. Leibniz superalgebras
Throughout this paper, K denotes a field with characteristic 6= 2, 3, A an
associative unital K-algebra.
Definition 2.1. [D] A Leibniz superalgebra is a Z2-graded K-vector space L =
L0 ⊕ L1 with a K-bilinear map [−,−] : L × L → L satisfying [Lσ, Lσ′ ] ⊆ Lσ+σ′
(σ, σ′ ∈ Z2) and the Leibniz identity [[a, b], c] = [a, [b, c]] − (−1)
|a||b|[b, [a, c]], for
homogenous a, b, c ∈ L, where |a| denotes the degree of a for a homogenous element
a ∈ L.
Clearly, L0 is a Leibniz algebra; any Lie superalgebra is a Leibniz superalgebra;
any Leibniz algebra is a trivial Leibniz superalgebra. A Leibniz superalgebra is a
Lie superalgebra if and only if [ a, b ] + (−1)|a||b|[b, a] = 0, for homogenous a, b ∈ L.
For a Leibniz superalgebra L, let LSLie be the quotient of L by the ideal gen-
erated by elements [x, y] + (−1)|x||y|[y, x], for homogenous x, y ∈ L. Clearly, LSLie
is a Lie superalgebra. The canonical projection pi : L → LSLie is universal among
the maps from L to Lie superalgebras. In fact, the functor (−)SLie : SLeib→SLie
is left adjoint to inc : SLie→SLeib. The cohomology of Leibniz superalgebras has
been defined in [D]. The following results are clear.
Proposition 2.2. [LH3] A Leibniz superalgebra L admits a universal central
extension Lˆ if and only if L is perfect (i.e., [L,L] = L).
Lemma 2.3. [LH3] Let (X, f) and (Y, g) be two central extensions of a Leibniz
superalgebra L. If Y is perfect, then there exists only one homomorphism h from Y
to X such that f ◦ h = g.
Consider the matrix Lie superalgebra
gl(m,n,A) :=
{
X
∣∣∣∣ X =
(
A B
C D
)}
,
where A,B,C,D are matrices in size m×m,m× n, n×m,n× n respectively with
coefficients in A, and m,n ≥ 0,m + n ≥ 2. Its supercommutator is defined as
[X,Y ] = XY − (−1)αβY X for X ∈ gl(m,n,A)α, Y ∈ gl(m,n,A)β , α, β ∈ Z2.
By definition, the special linear Lie superalgebra with coefficients in A is
sl (m,n,A) := gl(m,n,A)(1) = {X ∈ gl(m,n,A) | strX = 0},
where strX := trA − trD is the supertrace of X . Note that if n 6= m, the Lie su-
peralgebra sl (m,n,A) is simple. Obviously, sl (m,n,A) has generators Eij(a) (1 ≤
i 6= j ≤ m+ n, a ∈ A), and subject to the relations below:
[Eij(a), Ekl(b)] = 0, if i 6= l, and j 6= k;
[Eij(a), Ekl(b)] = Eil(ab), if i 6= l, and j = k;
[Eij(a), Ekl(b)] = −(−1)
τijτklEkj(ba), if i = l, and j 6= k,
where
τij =
{
0, if 1 ≤ i, j ≤ m, or m+ 1 ≤ i, j ≤ m+ n;
1, if 1 ≤ i ≤ m, j > m, or 1 ≤ j ≤ m, i > m.
For τij , it is clear that τij = τji and
(−1)τij+τjk = (−1)τik . (2.1)
Note that sl (m,n,A) = sl (m,n,A)0
⊕
sl (m,n,A)1, sl (m,n,A)α = 〈Eij(a), a ∈
A | τij = α〉, α ∈ Z2.
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By definition, the Steinberg Lie superalgebra st (m,n,A) is a Lie superalgebra
generated by symbols uij(a), 1 ≤ i 6= j ≤ m+ n, a ∈ A, subject to the relations
uij(k1a+ k2b) = k1uij(a) + k2uij(b), for a, b ∈ A, k1, k2 ∈ K;(1)
[uij(a), ukl(b)] = 0, if i 6= l, and j 6= k;(2)
[uij(a), ukl(b)] = uil(ab), if i 6= l, and j = k;(3)
[uij(a), ukl(b)] = −(−1)
τijτklukj(ba), if i = l, and j 6= k.(4)
Now we define the Steinberg Leibniz superalgebra stl (m,n,A) to be a Leibniz
superalgebra with generators vij(a), 1 ≤ i 6= j ≤ m+ n, a ∈ A and subject to the
above relations (1)—(4).
Note that stl (m,n,A) = stl (m,n,A)0
⊕
stl (m,n,A)1, stl (m,n,A)α = 〈vij(a) |
a ∈ A, τij = α〉 for α ∈ Z2. Clearly, relations (3)—(4) make sense only if m+n ≥ 3.
Define homomorphisms ϕ (resp. ψ) of Lie (resp. Leibniz) superalgebras
ϕ (resp. ψ) : st (m,n,A) ( resp. stl (m,n,A) ) −→ sl (m,n,A)
as ϕ(uij(a)) = Eij(a) ( resp. ψ(vij(a)) = Eij(a) ). Clearly, ϕ, ψ are surjec-
tive. Moreover, st (m,n,A) = stl (m,n,A)SLie. Denote this projection by pi :
stl (m,n,A) −→ st (m,n,A).
Lemma 2.4. The Steinberg Leibniz superalgebra stl (m,n,A) with m+ n ≥ 3 is
perfect.
3. Universal central extension of sl (m,n,A) in SLeib
Theorem 3.1. If m+n ≥ 3, then (stl (m,n,A), ψ) is a central extension of the
Leibniz superalgebra sl (m,n,A).
To begin with the proof, let us calculate Kerψ first, and then prove that
[Kerψ, stl (m,n,A)] = 0.
Denote by P (resp. Q) the K-submodule of stl (m,n,A) generated by vij(a)
with i < j (resp. i > j). Clearly, we have: P = P0 ⊕ P1 and Q = Q0 ⊕ Q1; the
restrictions of ψ to P and Q are injective; the images of vij(a) from P (resp. Q)
under ψ are strictly uppertriangular (resp. lowertriangular) matrices in sl (m,n,A).
Let Hij(a, b) := [vij(a), vji(b)] for 1 ≤ i 6= j ≤ m+n, a, b ∈ A, H the submodule
of stl (m,n,A) generated by Hij(a, b), i 6= j, a, b ∈ A. Then the following Lemma is
evident.
Lemma 3.2. Every element X ∈ stl (m,n,A) with m + n ≥ 3 can be uniquely
written in the form
X = p+ h+ q, where p ∈ P, h ∈ H, q ∈ Q. (3.1)
Lemma 3.3. For m+ n ≥ 3, Kerψ ⊆ H.
Proof. Let X = p + h + q ∈ Kerψ, where p ∈ P, h ∈ H, q ∈ Q. Then
0 = ψ(X) = ψ(p) + ψ(h) + ψ(q). By Lemma 3.2, we have ψ(p) = ψ(q) = 0, so
p = q = 0, that is, X = h ∈ H . 
Lemma 3.4. For m+ n ≥ 3, [Kerψ, stl (m,n,A)] = 0.
Proof. By Lemma 3.3, any t ∈ Kerψ is expressible by Hkl(b, c)’s. By defini-
tion,
[vij(a), Hkl(b, c)] ∈ P +Q.
So we have [vij(a), t] = p+ q, where p ∈ P, q ∈ Q. Thus ψ(p+ q) = ψ([vij(a), t]) =
[ψ(vij(a)), ψ(t)] = 0 since ψ(t) = 0. By injectivity of the restriction of ψ to P +Q,
we get p+ q = 0. So [Kerψ, stl (m,n,A)] = 0. 
Therefore, we complete the proof of Theorem 3.1.
We proceed to show that the central extension (stl (m,n,A), ψ) is universal.
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Theorem 3.5. Let (W,φ) denote a central extension of Leibniz superalgebra
sl (m,n,A), and m+n ≥ 3 with charK 6= 2 if m+n = 4, charK 6= 3 if m+n = 3.
Then there exists a unique homomorphism ρ : stl (m,n,A)→W such that φ◦ρ = ψ.
Proof. For m + n = 3 and charK 6= 3: one can use the same method in
the proof of Theorem 5.18 in [AG] to prove stl (m,n,A) is centrally closed. The
differences here are that we need set M = v13(A) ⊕ v31(A) ⊕ v23(A) ⊕ v32(A),
D = ad (v12(1) + v21(1)), and D|M is diagonalizable with eigenvalues ±1.
For m + n ≥ 4: since φ : W −→ sl (m,n,A) is surjective, for any genera-
tor Eij(a) ∈ sl (m,n,A), we choose eij(a) ∈ φ
−1(Eij(a)). Then the commutator
[eij(a), ekl(b)] does not depend on the choice of representatives of φ
−1(Eij(a)) and
φ−1(Ekl(b)). Moreover, for any j 6= k and i 6= l, and a, b ∈ A, φ([eij(a), ekl(b)]) =
[φ(eij(a)), φ(ekl(b))] = 0. So [eij(a), ekl(b)] ∈ Kerφ.
For distinct i, j, k, let
[eik(a), ekj(b)] = eij(ab)+C
k
ij(a, b), [ekj(b), eik(a)] = −(−1)
τikτkjeij(ab)+D
k
ij(a, b),
where Ckij(a, b), D
k
ij(a, b) ∈ Kerφ. Take l 6∈ {i, j, k}, then
[eik(a), ekj(bc)] = [eik(a), [ekl(b), elj(c)]− C
l
kj(b, c)] = [eik(a), [ekl(b), elj(c)]]
= [[eik(a), ekl(b)], elj(c)] + (−1)
τikτkl [ekl(b), [eik(a), elj(c)]]
= [eil(ab), elj(c)],
i.e.,
[eik(a), ekj(bc)] = [eil(ab), elj(c)]. (3.2)
In particular,
[eik(a), ekj(c)] = [eil(a), elj(c)]. (3.3)
It follows that Ckij(a, c) = C
l
ij(a, c), which shows that C
k
ij is independent of the
choice of k. Setting Cij(a, b) = C
k
ij(a, b), we have
[eik(a), ekj(b)] = eij(ab) + Cij(a, b), (3.4)
where Cij(a, b) ∈ Kerφ. Taking a = 1, we have
[eik(1), ekj(b)] = eij(b) + Cij(1, b). (3.5)
Set wij(a) = eij(a) + Kerφ = [eik(1), ekj(a)] + Kerφ. We shall show that for
all i 6= j, a ∈ A, wij(a)’s satisfy relations (1)—(4) in the definition of Steinberg
Leibniz superalgebra, i.e.,
wij(k1a+ k2b) = k1wij(a) + k2wij(b), for a, b ∈ A, k1, k2 ∈ K;(5)
[wij(a), wkl(b)] = 0, if i 6= l, j 6= k;(6)
[wij(a), wkl(b)] = wil(ab), if i 6= l, j = k;(7)
[wij(a), wkl(b)] = −(−1)
τijτklwkj(ba), if i = l, j 6= k.(8)
If m+ n ≥ 5, the proof of (5)—(8) is essentially the same as that in [KL] (or
[Gao2], [MP]).
If m+ n = 4, we only prove (6) for the case when {i, j, l, k} = {1, 2, 3, 4},
[wij(a), wkl(bc)] = [wij(a), [wki(b), wil(c)]]
= [[wij(a), wki(b)], wil(c)] = −(−1)
τijτik [wkj(ba), wil(c)],
[wij(a), wkl(bc)] = [wij(a), [wkj(b), wjl(c)]]
= (−1)τijτkj [wkj(b), [wij(a), wjl(c)]] = (−1)
τijτkj [wkj(b), wil(ac)].
So we have
[wij(a), wkl(bc)] = −(−1)
τijτik [wkj(ba), wil(c)] = (−1)
τijτkj [wkj(b), wil(ac)]. (3.6)
Taking a = b = 1 in (3.6), we have
[wij(1), wkl(c)] = −[wkj(1), wil(c)] = [wkj(1), wil(c)] = 0, (3.7)
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unless τij = 1 (noting (−1)
τijτik + (−1)τijτkj = (−1)τijτik(1 + (−1)τij) ).
Even in the case when τij = 1, one can choose a k 6∈ { i, j } such that τkj 6= 1
due to (2.1), then use (3.7) again to obtain
[wij(1), wkl(c)] = ±[wkj(1), wil(c)] = 0, (3.8)
for all {i, j, l, k} = {1, 2, 3, 4}.
Taking b = 1 in (3.6), together with (3.8), we obtain (6).
The others are also essentially the same as those in the case of m+ n ≥ 5.
Now define a homomorphism ρ : stl (m,n,A)→W by ρ(vij(a)) = wij(a). From
the above, we see that this mapping is well-defined, and φ ◦ ρ = ψ. The uniqueness
of the mapping ρ follows from Lemmas 2.2, 2.3. 
Remark 3.6. In (3.7), we used the restriction charK 6= 2. From the proof of
Theorem 5.18 in [AG], we must restrict charK 6= 3 if m+n = 3 (also see [Gao1]).
4. Kernel of universal central extension (stl (m,n,A), ψ)
In treating with the Leibniz superalgebras’ case, in order to calculate the kernel
of the universal central extension of sl (m,n,A), we have to introduce a so-called
modified Hochschild homology. By calculation, the modified Hochschild boundary
must be the K-linear map dn : A
⊗(n+1) −→ A⊗n defined by the formula (with the
last summand different from the usual definition of the Hochschild boundary, see
[Lo2]):
dn(a0⊗a1⊗· · ·⊗an) =
n−1∑
i=0
(−1)ia0⊗a1⊗· · ·⊗aiai+1⊗· · ·⊗an−a1⊗· · ·⊗an−1⊗ana0,
which still can be checked to satisfy dn ◦ dn+1 = 0. Thus one can consider the n-th
homology group HHn(A) = Ker dn/Im dn+1.
Remark 4.1. The last summand in the definition (cf. [Lo2]) of the usual
Hochschild boundary dn is (−1)
nana0 ⊗ a1 ⊗ · · · ⊗ an−1.
Let Mm+n(A) be the K-algebra of (m + n)× (m + n)-matrices written in the
block form (
A B
C D
)
,
where A,B,C,D are matrices in size m×m,m× n, n×m,n× n respectively with
coefficients in A, and m, n ≥ 0, m+ n ≥ 2.
Theorem 4.2. The kernel T (m,n) of universal central extension (stl (m,n,A),
ψ) of sl (m,n,A) in SLeib under the assumption m + n ≥ 3 (with charK 6= 2 if
m+ n = 4, charK 6= 3 if m+ n = 3) is isomorphic to HH1(A).
Proof. The proofs are analogous to those in [KL] (also see [Gao2], [MP]),
except for some properties of Hij(a, b) and the homomorphism θ : stl (m,n,A) −→
A⊗A/Im d2. In our case, Hij ’s satisfy the following properties:
1) Hij(ab, c) = Hik(a, bc) + (−1)
τikHkj(b, ca);
2) Hij(1, a) = −(−1)
τijHji(1, a), for any distinct i, j (we also set h(a, b) =
H1i(a, b)−H1i(1, ba), which is independent of i(6= 1)).
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θ is defined by θ([x, y]) =
∑
i,j ψ(x)ij ⊗ ψ(y)ji = str2(ψ(x) ⊗ ψ(y)), where
str2 :Mm+n(A)⊗Mm+n(A) −→ A⊗A is given by
str2(
(
A1 B1
C1 D1
)
⊗
(
A2 B2
C2 D2
)
)
= tr2(
(
A1 0
0 0
)
⊗
(
A2 0
0 0
)
+
(
0 B1
0 0
)
⊗
(
0 0
C2 0
)
)
− tr2(
(
0 0
C1 0
)
⊗
(
0 B2
0 0
)
+
(
0 0
0 D1
)
⊗
(
0 0
0 D2
)
),
and tr2 was defined in [KL] by tr2(P ⊗Q) =
∑
1≤i,j≤l pij ⊗ qji, for P, Q ∈Ml(A).

Corollary 4.3. ([LH3]) When A is commutative, HH1(A) ∼= Ω
1
A, i.e.,
0 −→ Ω1A −→ stl (m,n,A) −→ sl (m,n,A) −→ 0
is the universal central extension of sl (m,n,A) in SLeib under the assumption:
m+ n ≥ 3 with charK 6= 2 if m+ n = 4, or charK 6= 3 if m+ n = 3.
Remark 4.4. If take n = 0 in sl (m,n,A), we recover the same results in
[LP], [Gao2] for Leibniz algebras. The stable case (characteristic 0) is due to
Cuvier-Loday theorem (see [Lo2]).
5. Universal central extension of st (m,n,A) in SLeib
In what follows, it is necessary for us to point out an important relationship
between our modified Hochschild homology (only applicable to the Leibniz super-
algebras’ case) and the cyclic homology.
Consider the complex of the K-modules C∗(A), where C0(A) = A and for
n ≥ 1 the module Cn(A) is the factor module of the K-module A
⊗(n+1) by
the K-submodule generated by elements a0 ⊗ · · · ⊗ an − (−1)
na1 ⊗ · · · ⊗ an ⊗
a0, ai ∈ A, i = 0, · · · , n. The cyclic boundary induced by the modified Hochschild
boundary (also denoted dn) is exactly the one induced by the usual Hochschild
boundary. Thus we consider the essentially same n-th cyclic homology group
HCn(A) = Kerdn/Imdn+1 as usual in [Lo2]. Moreover, there is a natural pro-
jection p : HH∗(A) −→ HC∗(A) induced by the projection A
⊗(n+1) −→ Cn(A).
Note the well-known exact sequence
0 −→ HC1(A) −→ C1(A)/Im d2
d1→ A,
as well as the Connes operator B (see [Lo2]), which is a K-linear map A⊗(n+1) −→
A⊗(n+2) by
B(a0 ⊗ · · · ⊗ an) =
n∑
i=0
(−1)ni(1⊗ ai ⊗ · · · ⊗ an ⊗ a0 ⊗ · · · ai−1)
+ (−1)n(i+1)(ai ⊗ · · · ⊗ an ⊗ a0 ⊗ · · · ai−1 ⊗ 1),
such that Bdn + dn+1B = 0. Using these objects, one can prove the following
theorem.
Theorem 5.1. [MP] The universal central extension of sl (m,n,A) in category
SLie is st (m,n,A) with kernel HC1(A) under the assumption: m+ n ≥ 5.
Remark 5.2. Using the same methods in the proofs of Sections 3 & 4, we can
show that Theorem 5.1 still holds under a weak assumption below.
Theorem 5.3. The universal central extension of sl (m,n,A) in category SLie
is st (m,n,A) with kernel HC1(A) under the assumption: m+n ≥ 3 with charK 6= 2
if m+ n = 4, charK 6= 3 if m+ n = 3.
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Now we give the main theorem of this section.
Theorem 5.4. Steinberg Leibinz superalgebra (stl (m,n,A), pi) is the universal
central extension of st (m,n,A) in category SLeib with the kernel isomorphic to
ImB under the assumption: m+n ≥ 3 with charK 6= 2 if m+n = 4, or charK 6= 3
if m+ n = 3.
Proof. The proving idea is similar to that in [LP].
Let g = stl (m,n,A), then gSLie = st (m,n,A). From [MP] or Theorem 5.3, we
see that gSLie is the universal central extension of sl (m,n,A) in SLie for m+ n ≥
3. By Theorem 3.5, Theorem 4.2 and Theorem 5.3, we have the following exact
diagram. Moreover, it is clear that this diagram is commutative.
HC0(A)
↓ B
0 −→ HH1(A) −→ stl (m,n,A)
ψ
−→ sl (m,n,A) −→ 0
↓ p ↓ pi ‖
0 −→ HC1(A) −→ st (m,n,A)
ϕ
−→ sl (m,n,A) −→ 0
↓ ↓
0 0
Then we have
Ker (pi) ∼= Ker p ∼= ImB.
Hence 0 −→ ImB −→ stl (m,n,A) −→ st (m,n,A) −→ 0 is a central extension in
SLeib. Moreover, for m+ n ≥ 3, this is a universal extension by Theorem 5.3 and
Theorem 4.2. Therefore,
HL2(st (m,n,A)) ∼= ImB.

Remark 5.5. Taking n = 0 in Theorem 5.4, we obtain that (4.6) in [LP] also
holds for all m ≥ 3 with charK 6= 2 if m = 4, charK 6= 3 if m = 3 (see [Gao2]).
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